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On topological BE-algebras

S. MEHRSHAD AND J. GOLZARPOOR

ABSTRACT. In this paper, we study some properties of uniform topol-
ogy and topological BE-algebras and compare this topologies.

1. INTRODUCTION

The study of BCK/BCl-algebras was initiated by K. Iséki as a generaliza-
tion of the concept of set-theoretic difference and propositional calculus([3],[4]).
In [9], J. Neggeres and H. S. Kim introduced the notion of d-algebras which
is a generalization of BCK-algebras. Moreover, Y. B. Jun, E. H. Roh and
H. S. Kim [6] introduced a new notion, called BH-algebras, which is a gen-
eralization of BCK/BCI-algebras. Recently, as another generalization of
BCK-algebras, the notion of BE-algebras was introduced by H. S. Kim and
Y. H. Kim [7].

In section 3 we study some properties of uniform topology. In section 4
we study some general properties of topological BE-algebras, and finally in
section 5 we obtain some relationships between this topologies.

2. PRELIMINARIES

Recall that a set X with a family 7 = {U} of its subsets is called a

topological space, denoted by (X, 7), if X,() € 7, the intersection of any
finite number of members of 7 is in 7 and the arbitrary union of members
of 7 is in 7. The members of 7 is called open sets of X. The complement
X \ U of an open set U is said to be closed set. If B is a subset of X, the
smallest closed set containing B is called the closure of B and denoted by
B (or cl;B). A subset P of X is said to be a neighborhood of z € X, if
there exists an open set U such that x € U C P.
A subfamily {U,} of 7 is said to be a base of 7 if for each x € U € T there
exists an «a such that x € U, C U, or equivalently, each U in 7 is the union
of members of {U,}. A subfamily {Ug} of 7 is said to form a subbase for 7
if the family of finite intersections of members of {Ug} forms a base of 7.
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2 ON TOPOLOGICAL BE-ALGEBRAS

Let (X, 7) be a topological
space. We have the following separation axioms in (X, 7):
To: For each z,y € X and z # y, there is at least one in an open
neighborhood excluding the other.
T1: For each z,y € X and x # y, each has an open neighborhood not
containing the other.
Ta: For each z,y € X and x # y, both have disjoint open neighborhoods
U,V such that z € U and y € V.

A topological space satisfying T; is called a T;-space. A Th-space is also
known as a Hausdorff space.

Definition 2.1. Let (X, *) be an algebra of type 2 and 7 be a topology on
A. Then X = (X, *,7) is called a

(1) Left (right) topological algebra, if for all a in X the map X — X
is defined by x < a *x ( z < x % a) is continuous, or equivalently,
if for any z in X and any open set U of a * x (z * a), there exists an
open set V of z such that axV CU (Vxa CU).

(ii) Semitopological algebra, or operation * is separately continuous, if
X is right and left topological algebra.

(7i1) Topological algebra, if the operation x* is continuous, or equivalently,
if for any x,y in X and any open set(neighborhood) W of x xy there
exist two open sets(neighborhoods) U and V' of z and y, respectively,
such that U xV € W.

Let X be a nonempty set and U,V be any subsets of X x X. Define
UoV={(z,y) € X x X :(z,2) € U and (2,y) € V, for some z € X},
Ul={(y,x): (zr,y) €U}, A ={(a,2) 1z € X}.

Definition 2.2 ([5]). By an uniformity on X we shall mean a nonempty
collection K of subsets of X x X which satisfies the following conditions:
(i) A CU, forany U € K,
(ii) if U € K, then U~ € K,
(131) if U € K, then there exist V' € K such that VoV CU,
() f U,V eKthenUNV €K,
(v)ifUeKLand U CV C X x X, then V € K.

The pair (X, K) is called a uniform structure (uniform space).
Let x € X and U € K. Define Ulzx] ={y € X : (z,y) € U}.

Definition 2.3 ([11]). A BE-algebra is an algebra (X, *,1) of type (2,0)
such that satisfying the following axioms:

(1) xxx=1for all z € X

(2) xx1=1forall x € X,

(3) 1xxz ==z forall x € X,

(4) x*(y*xz2) =yx*(x*z2), forall z,y,z € X.
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A relation < on X is defined by x < y if and only if x xy = 1. If X is a
BE-algebra and z,y € X, then = * (y x ) = 1.

Definition 2.4 ([11]). We say that a BE-algebra X is commutative if (z *
y)xy = (yxx)*x for all x,y € X.

Proposition 2.1 ([1]). Let X be a commutative BE-algebra and x,y,z € X.
Then,
(5) zxy=yxzx=1=z=y,
(6) (zxy)*((y*x2)*(xx2))=1.
Definition 2.5 ([11]). We say that a BE-algebra X is transitive if (y*z) <
(x*xy)* (x=2z) for all x,y,z € X.
Proposition 2.2 ([11]). If X is a commutative BE-algebra, then it is tran-
sitive.
Definition 2.6 ([11]). Let A be a BE-algebra. A filter is a nonempty set
F C X such that for all z,y € A
(1) 1eF,
(ii) x € Fand x xy € F imply y € F.
Let F be afilter in X. If z € F and « < y then y € F.
Definition 2.7 (|11]). A filter F' of a BE-algebra X is said to be normal if
it satisfies the following condition:
zxy€F=|(zxx)x(zxy) € Fand (y*xz)* (x*2) € F]
for all z,y,z € X.

Proposition 2.3 ([11]). If X is a transitive BE-algebra, then every filter of
X is normal.

Proposition 2.4 ([11]). Let F' be a normal filter of a BE-algebra X. Define
z=ly & zxy, yxzeF.

Then
(1) = is a congruence relation on X, i.e., it is a equivalence relation
on X such that for each a,b,c,d € X if a = b and ¢ =" d, then
axc="bxd.
(ii) Let L = {y € x: 2 =y} be an equivalence class of v and % = {% :
x € X}. Then % 1s a BE-algebra under the binary operations given

by:
x Yy xxy

F'F~ F
Definition 2.8 ([2]). Let X be a BE-algebra. If there exists an element 0
satisfying 0 < z (or 0 x z = 1) for all x € X, then X is called a bounded
BE-algebra.

Notation. From now, in this paper (X, *, 1) is a commutative BE-algebra.
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3. UNIFORM TOPOLOGY ON BE-ALGEBRAS

Theorem 3.1 (|8]). Let A be an arbitrary family of filters of a BE-algebra
X which is closed under intersection. If Up = {(z,y) € X x X : 2 = y}
and K* = {Up : F € A}, then K* satisfies in the conditions (i) ~ (iv) of
Definition 2.2.

Theorem 3.2 ([8]). Let C={U C X x X : Up C U, for some Up € K*}.
Then the pair (X, K) is an uniform structure.

Theorem 3.3 (|8|). Given a BE-algebra X, then
T={GeX:Vxe GIU €K s.t. Ulz] C G}
s a topology on X.

Definition 3.1. Let (X, K) be an uniform structure. Then the topology 7
is called an uniform topology on X induced by /.

We denote the uniform topology obtained by a family A, by 7o and if A =
{F}, then we denote it by 7.
Note that for any x € X, Ulz] is an open neighborhood of x.

Theorem 3.4 ([8]). The pair (X, 7a) is a topological BE-algebra.

Notation. Let A be a family of filters of a BE-algebra X which is closed un-
der intersection and F' € A and A C X. Then we define Ur[A] = J,c 4 Urlal.

Theorem 3.5. Let A be a family of filters of a BE-algebra X which is
closed under intersection and F' € A and A C X. Then the closure of A is
(WUFr[A] : Up € K*} and it is denoted by A in the topological space (X, Tp).

Proof. Let z € A. Then Up[z] is an open neighborhood of z and we have
Urlz] M A # 0, for all F € A. Hence there exists y € A such that y € Up|x].
Hence (z,y) € Up for all F € A. Thus z € Urly] C Up[A] for all F € A.
Conversely, let € Up[A] for all F' € A. Then there exists y € A such that
x € Uply] and so Up[x] N A # () for all F € A. Therefore z € A. O

Theorem 3.6. Let A be a family of filters of a BE-algebra X which is
closed under intersection, K be a compact subset of X and W be an open
set containing K. Then K C Up[K] C W.

Proof. Since W is an open set containing K, for each k € K we have Ur, [k] C
W for some F € A. Hence K C (i Ur, [k] € W. Since K is a compact
subset of X, there exist ki, ko, ..., k, such that

K C UFk1 [k1] U UF,€2 [ko] U---U Ur,, [kn].
Put F = (., Fy,- We claim that Up[K] C W for each k € K. Let
k € K. Then there exists 1 < i < n such that k € Up, [K;| and hence
k =I'ci k;. Now, let y € Up[k], then y =F k. Therefore we have y =% k;
and hence y € Up, [K;] € W. Hence Up[k] C W for any k € K. Thus
K CUp[K] CW. U
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Theorem 3.7. Let A be a family of filters of a BE-algebra X which is closed
under intersection, K be a compact subset of X and C be a closed subset of
X. IfKNC =0, then Up[K]|NUE[C] = 0 for some F € A.

Proof. Since KN C = () and C is closed, X \ C is an open set containing
K. By Theorem 3.6 there exists F' € A such that Up[K] C X \ C. If
Ur|K] N Up[C] # 0, then there exists y € X such that y € Up[k] and
y € Up[c] for some k € K and ¢ € C, respectively. Hence k =" ¢ and then
¢ € Uplk] C Up|K]. This contradicts to the fact that Up[K] C X \ C. Hence
UF[K]QUF[C]:Q). O

4. ToPOLOGICAL BE-ALGEBRAS

Theorem 4.1. Let F be a family of filters in a BE-algebra X such that for
each I, Fy € F, there exists F3 € F such that F3 C Fy N Fs. Then there is
a topology T on X such that (X, x,T) is a topological BE-algebra.

Proof. Define 7 = {U C X : Vo € U 3F € F s.it. ¢/F C U}. For each
x € X and F € F, the set /F € 7, because if y is an arbitrary element
of /F then y/F C z/F. It is easy to see that 7 is a topology on X. We
prove that * is continuous. For this, suppose z *y € U € 7. Then for some
FeF, % CU. Now, z/F and y/F are two open neighborhoods of  and
y, respectively, such that x/F «y/F C = C U. O

Example 4.1. Let X = {a,b,c,d,1}. Define a binary operation * on X as
follow:

*x|1 a b ¢ d
1/1 a b ¢ d
all 1 b ¢ d
bl a 1 ¢ ¢
c|ll 1 b 1 b
djl 1 1 11

Easily we can check that (X, x*,1) is a BE-algebra [9]. Let
7 ={{1,a,c},{b,d}, X,0}. Then (X,x*,7) is a topological BE-algebra [8].

Theorem 4.2. Let (X, *,7) be a topological BE-algebra.
(1) (X,7) is discrete if and only if {1} is open.
(i) (X, 7) is Hausdorff if and only if {1} is closed.

Proof. (i) Let {1} be an open subset of X. Then by (1), x xx = 1 €
{1} for all x € X. Since (X, *,7) is a topological BE-algebra, there exist
neighborhoods U and V' of = such that U« V C {1}. Put W = U N V. Then
l=zxzx e WxW CUxV C {1} and so W« W = {1}. We claim that
W ={x}.Lety € W. Then zxy € W+W = {1} and yxx € W W = {1}.
Hence z = y and so W = {z}. The converse is trivial.

(14) Suppose that (X,*,7) is a Hausdorff space. We show that X \ {1}
is an open subset of X. Let x € X \ {1}. Then = # 1. Hence there exist
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neighborhoods U of x and V' of 1 such that UNV = {). Thus 1 ¢ U. Therefore
xeU C X\ {1} and so X \ {1} is an open subset of X.

Conversely, let {1} be closed and z,y € X such that  # y. Then z*y # 1 or
yxx # 1. Let x*xy # 1. Then xxy € X \{1}. Since X \ {1} is open, there exist
neighborhoods U of x and V' of y such that UV C X \ {1}. We claim that
UNV =0.Let UNV £ 0. Let y e UNV. Hence 1 = yxy e UNV C X \ {1}
which is a contradiction. Therefore (X, 7) is a Hausdorff space. g

Theorem 4.3. Let (X, *,7) be a topological BE-algebra. Then the following
are equivalent:
(1) (X,7) is a Hausdorff space,
(ZZ) (X,T) 18 Tl,
(131) (X, 7) is To.

Proof. (i) = (it) and (ii) = (i4i) are clear.

(1i1) = (i) Let x,y € X and x # y. Then xxy # 1 or yxx # 1. Let xxy # 1.
Since X is a Tj space, there is an neighborhood U of =  y such that 1 ¢ U.
Since (X, *, 7) is a topological BE-algebra, there exist neighborhoods V' of x
and W of y such that V«W C U. We claim that VW = (. Let VNW # ().
Let z€e VNW. Hence 1 = zxz € V«W C U. This is a contradiction. Hence
(X, 7) is a Hausdorff space. O

Theorem 4.4. Let (X, *,7) be a topological BE-algebra and F' be a filter of
X. Then 1 is an interior point of F' if and only if ' is open.

Proof. Suppose that 1 is an interior point of F'. Then there exists a neigh-
borhood U of 1 such that U C F. Let « € F' be an arbitrary element. Since
x *x = 1, there exist neighborhoods V, W of x such that V « W C U C F.
Now, for each y € W, we have z x y € F. Since F' is a filter and x € F, we
have y € F. Hence W C F and so F' is open. The converse is trivial. O

Theorem 4.5. Let (X, *,7) be a topological BE-algebra and F be a filter of
X. If F is open, then F 1is closed.

Proof. Let F be a filter of X which is open in (X, 7). We show that X \ F
is open. Let € X \ F. Since F is open, by Theorem 4.4, 1 is an interior
point of F. Hence there exists a neighborhood U of 1 such that U C F. Since
x*xx = 1, there exist neighborhoods V and W of x such that V«W C U C F.
We claim that V' C X \ F. Let V Q X \ F. Then there exists y € V N F. For
each z € W, we have yxz € VW C F. Since y € F and F' is a filter, z € F.
Hence W C F and so x € F' which is a contradiction. O

In Theorem 4.9 we will prove that the converse of Theorem 4.5 is also
true.

Theorem 4.6. Let (X, *,7) be a topological BE-algebra. If 1 € (e, U,
then B C X is open if and only if 1 is an interior point of B.
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Proof. If B is open, clearly, 1 is an interior point of B. Let 1 be an interior
point of B and x x x = 1, there is an open neighborhood V of 1 such that
r+xx =1 € V C B. Since * is continuous, there exists an open set W
containing x such that W « W C V. By hypothesis, 1 € W, and hence
reW CWx«W CV C B. This proves that x is an interior point of B. [

Theorem 4.7. Let (X,*,7) be a topological BE-algebra and Fy the least
open set containing 1. If x € Fy, then Fy is the least open set containing x.

Proof. Let x € F7 and U be an open set such that z € U. Since 1xxz = x € U,
there exist open neighborhoods V' of 1 and W of x such that V « W C U.
We have l =xxx € F1«W CV «W C U. Therefore 1 € U. Since F} is the
least open set such that 1 € Fy, F; C U. U

Theorem 4.8. Let (X,x,7) be a topological BE-algebra and Fy the least
open set containing 1. Then FY is a filter of X.

Proof. Let x,z+y € F1. By Theorem 4.7, F} is the least open set containing
x. Since x x y € F1, there exist open neighborhoods U of z and V' of y such
that UV C Fj. Hence y = 1xy € F1*V C U xV C F; and therefore
y € . Il

Theorem 4.9. Let (X, *,7) be a topological BE-algebra and F a filter in X .
If F is closed then F' is open.

Proof. Suppose that F' is closed filter but not open. By Theorem 4.4, 1 is
not an interior point of F. Hence F} ¢ F', where Fj is the least open set such
that 1 € Fy. If (X\ F)NF; =0, then F; C F. Hence (X \ F)NF; # (). Since
(X \ F)N Fy is open, by Theorem 4.7, (X \ F)NFy = Fy. Thus F; C X\ F
and so 1 € X \ F' which is a contradiction. O

5. COMPARSION T AND TA

In this section we assume that (X, *,7) is a topological BE-algebra and
1 # x € X. The least open set containing x is denoted by U,.

Lemma 5.1. Ifxxy ¢ Fy, theny ¢ U, and x ¢ U,,.

Proof. Let y € Uy. Then {z,y} C U,. Since x * y € Ugyy, there exist open
neighborhoods Vi of x and V5 of y such that Vi * Vo C Upyy. We have
ye U, CVi,y e U, CVoandthen 1 =yxy € Uy *U, C Ugyy. Put
z=x*y. Since zx z = 1 € FY, there exist open neighborhoods Wy, Wy of z
such W1xWy C Fy. Then 1xz € U,xU, C WyxWy C Fy. Hence xxy = z € F}
which is a contradiction. Similarly, we can show that ¢ U,,. O

Theorem 5.1. Let (X, *,7) be a topological BE-algebra and T, be the uni-
form topology induced by filter Fy. Then T is finer than Tp,.
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Proof. We will show that U, [z] = Uep(y) Uy for all 2 € X. Let y € Up, [y
and z € Uy. If zxy ¢ Fy or y* 2z ¢ Fy, then by Lemma 5.1, z ¢ U,. Thus
zxy € Fy and y*xz € F1. By (6), (zxy)*x((yx2)*(x*x2)) =1¢€ F.
Since x * y € F1, we have (y x z) % (r x z) € Fy and so z x z € F} because
y * z € Fy. Similarly, we can show that z x x € Fj. Hence z € Up, [z].
Therefore Uy C Up, [z] for all y € U, [z] and so Uyep () Uy € Up[2]. It is
clear that Ur, [z] € Uyep, () Uy- O

Theorem 5.2. Let (X, *,7) be a topological BE-algebra and Tr, be a uniform
topology induced by filter Fy. If there exists U € T such that U ¢ Tr,, then
there exist x € U and y € Up, [x] such thaty ¢ U and the following properties
holds:
() 2y ¢ F.
(17) axy ¢ Up [x]NU, for all a € F.
(13i) If d € Up, [x] N U, then axd #y, for all a € F}.

Proof. (i) If x € Fy, then by Theorem 4.7, F; C U. Since x € Fy , y € Up, [z]
and F is a filter, we have y € F} C U which is a contradiction. Let y € Fj.
Since y € Up, [z] and F} is a filter, then x € F} which is a contradiction.
(#7) Suppose that there exists some a € F} such that axy € Up, [x]NU. There
exist open neighborhoods V; of @ and V, of y such that Vi« Vo C U, [z]NU.
By Theorem 4.7, F; C Vi. Then y = 1 xy € Fy x Vo C Up, [x] N U. Hence
y € Up [z] N U which is a contradiction.

(747) Suppose that there exists a € F; such that a xd = y for some d €
Up[z] NU. Since 1 xd = d € Up, [x] N U. there exist open neighborhoods V}
of 1 and V5 of d such that V; « Vo C Up, [x]NU. Then y =a*xd € F1 xV2 C
Vi % Vo CUp [x]NU. Hence y € Up, [z] N U which is a contradiction. O

Lemma 5.2. Let (X, *,7) be a topological BE-algebra and T, be the uniform
topology induced by filter Fy. If Tp, ;Cé 7, then there exists ) # U € T such
that U G Up, [x] for some x € X \ Fy.

Proof. If Tp, G 7, then there exists V; € 7 such that Vi ¢ TFl By definition
of uniform topology, there exists z € V; such that Up [z] € V4. Hence
Up 2] "V1 G Up[z]. Put U = U [2] N V1. Then U € 7 and U G Ur, [].
Suppose that x € Fy. Then Up, [x] = Fy. Hence x € U. By Theorem 4.7,
Up, [x] = F1 C U which is a contradiction. O

Theorem 5.3. Let {0,a,b, 1} be a bounded BE-algebra and let (X,*,T) be
a topological bounded BE-algebra and Tp, be the uniform topology induced by
filter Fy. Then 7 = T, .

Proof. Case 1. If F1 = {1} or F| = X, then it is clear that 7 = 75, .
Case 2. Suppose that Fy = {z,1} where z € {a,b} and 77, & 7. Without
less of generality, we assume that F} = {a,1}. By Lemma 5.3, there exists

U € 7 such that U G Up, [y] for some y € X \ F1 = {0,b}. If Up,[y] = {y},
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then U = () which is a contradiction. So Up, [y] = Up, [0] = Up,[b] = {0, b}.
Hence bx0 € Iy and Oxb € Fy. Then bx0 =a. If ax0 € Fy, then 0 € F}
and F; = X which is a contradiction. Hence a * 0 = b. Therefore U = {0}
or U = {b}. Consider the following cases:

(1) Suppose that U = {0}. Since 1«0 = 0 € U, there exist V,W € 7
such that 1 e V,0 e W and V x W C U. So

(0,6} ={1%0,ax0} CFxUCV+W CU,

which is a contradiction.

(2) Suppose that U = {b}. Since a *0 = b € U, there exist VW € 7
such that a € V,0 € W and V « W C U. By Theorem 4.7, F} CV
and hence

{0,b} ={1%0,ax0} CF«WCV«W CU,

which is a contradiction.

Case 3. Suppose that F; = {a,b,1} and 7 C 7. By Lemma 5.2, there
exists U € 7 such that ) # U & Up,[y] for some y € X \ Fi. Therefore
U G Up,[0] = {0} which is a contradiction.

Hence 7/, = 7 for all cases. g

Lemma 5.3. Let X = {0,z,y, 2,1} be a bounded BE-algebra and F = {z,1}
be a filter of X. Theny*z # x or z xy # .

Proof. Let yxz = zxy =x. Then z % (yx2) =z x (zxy) =z xx = 1.
Consider following cases:

(1) Suppose that z xy = 0. Since 1 = z x (z xy) = z % (x x y), we get
z*x0 =1 and so z < 0. Since 0 < z, we have z = 0 which is a
contradiction.

(2) Suppose that z *xy =y. Since 1 =z % (2 xy) = z * (z x y), we have
z %y = 1 which is a contradiction.

(3) Suppose that zxy = 2. Since y* (x*y) = 1, we have y* z = 1 which
is contradiction.

(4) f xxy=a or x xy = 1, then y € F which is a contradiction. d

Lemma 5.4. Let X = {0,z,y, 2,1} be a bounded BE-algebra and F = {x,1}
be a filter of X. Then
(i) if Uply] = 10,4}, then 20 =y,
(i) if Uplyl = {y, 2z}, then xxy =z or x x z = y,
(131) if Uply] = {0,y, 2}, then (xxy =z and xx0=2) or (xxz =1y and
xx0=1y).

Proof. (i) Let Up[y] = {0,y}, where y # 0. Then y«0 € F and 0 xy € F.
Therefore y*x = x. If %0 € F, then 0 € F which is a contradiction. Hence
xx0=zorzx0=y. Now, let x %0 =z. Then z* (x%0) = 2%z =1 and
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hence x * (2 % 0) = 1. Therefore x < z % 0. Since F is a filter, z x 0 € F. Also
0+ z=1¢€ F. Hence
(2% 0)* ((0xy) * (zxy)) =1,
(yx0)x((0x2z) % (y*xz)) =1.
Therefore zxy € F and y*z € F and so z € Up[y| which is a contradiction.
Hence x %0 = y.
(14) By Lemma 5.3, y*x 2 = l,z%xy = x or yx2z = z,z2xy = 1. Let
yxz=1,zxy =x. Hence y < z and z < zxy because zx (z*xy) = x*xx =1
hence z x (z*y) = 1 and so z < x xy. If xxy € F, then y € F which is
a contradiction. Since 0 < y < z < zxxyand x*xy ¢ F, then zxy = 2.
Similarly, if y x 2z = x,z%xy =1, then x x 2 = y.
(131) Let Uply] = {0,y,2}. Then yx0 =z, 2%x0 =x,yx2z € F and zxy € F.
By Lemma 5.3, yx 2z = l,z2xy =z oryxz =x,2xy = 1. lfyxz =1
and z * y = x, then x * y = z similar to part (2). Since y < z < z %0 and
x+0¢ F, thenx+0 =z If yxz =2 and zxy = 1, then = % z = y similar
to part (2). Since z <y <z x0and x %0 ¢ F, then zx0 = y. O

Theorem 5.4. Let X be a bounded BE-algebra where | X| = 5. If (X, *,T)
is a topological BE-algebra and F = {x,1} is a filter in X, then 7 = 7p.

Proof. Suppose that 7 # 7p. By Lemma 5.2, there exists U € 7 such that
U G Uply] for some y € X \ F. Consider the following cases:
Case (1). Urly] = {y}. Then U = 0.
Case (2). Urly] = {0,y}, where y # 0. By Lemma 5.4 part (1), z 0 = y.
Since U & Uply], then U = {0} or U = {y}.
(1) Suppose that U = {0}. Since 1 *0 = 0 € U, there exist V,W € 7
such that 1 € V,0 € W and V «x W C U. Then we have

{0,y} ={1%0,2%x0} CF+UCV*«W CU.

Hence y € U, which is a contradiction.
(2) Suppose that U = {y}. Since = x 0 = y, then there exist VW € 7
such that x € V,0 € W and V « W C U. Then we have

{0,y ={1%0,2x0} CFxW CV W CU.

Hence 0 € U, which is a contradiction.
Case (3). Suppose that Uply] = {y, z}, where y,z # 0. By Lemma 5.3,
yxz=1l,zxy=xoryxz=x,z2xy =1 Let yxz=1,2+xy = x. Then
by Lemma 5.4 part (2), z *y = z. Since U & Uply], we have U = {y} or
U={z}.

(1) Suppose that U = {y}. Since 1 xy = y € U, there exist V,IW € 7
such that 1 e Viy e W and V.« W C U.
{y,2} ={l*xy,xxy} CFxUCV«W CU,

which is a contradiction.
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(2) Suppose that U = {z}. Since z xy = z € U, there exist V,W € 7
such that r e Viy e W and V« W C U.

{y,2} ={l*xy,zxy}, CFxWCV«W CU,

which is a contradiction.

Case (4). Suppose that Up[y] = {0,y, z}. By Lemma 5.3, y*xz = 1, z%xy =z
oryxz=ux,z%xy=1 Let yxz=1and 2z xy = z. By Lemma 5.4 part (3),
x+y=zand x*x0 = z. Then

(1) Suppose that U = {0}. Since 1 x0 = 0 € U, there exist V,W € 7
such that 1 e V.0 e W and VxW C U.

{0,2} ={1%0,2x0} CF«U CV«W CU = {0},

which is a contradiction.
(2) Suppose that U = {y}. Since 1 xy = y € U, there exist V,W € 7
such that 1 e V,y e W and V«W C U.

g2} = {1xyaxy} CF+UC VW CU,

which is a contradiction.
(3) Suppose that U = {z}. Since z xy = z € U, there exist VW € 7
such that x e Viy e W and V « W C U.

{y,2} ={1xy,zxy} CF«W CV«xWCU,

which is a contradiction.
(4) Suppose that U = {0, z}. Since z xy = z € U, there exist VW € 7
such that x e V.z e W and V« W C U.

{y.2} ={lxyzxy} CF+WCV*WCU,

which is a contradiction.
(5) Suppose that U = {0,y}. Since 1 xy = y € U, there exist VW € 1
such that 1 e Viy e W and V« W C U.

{y,2} ={lxy,axy} CF+«W VW CU,

which is a contradiction.
(6) Suppose that U = {y,z}. Since z * 0 = z € U, then there exist
V.Wersuchthat c e V,0 e W and V« W C U.

{0,2} ={1%0,2%x0} CF«W CV«W CU,

which is a contradiction.

Hence 7 = 7p. Il

Theorem 5.5. Let X be a bounded BE-algebra where | X| = 5. If (X, *,T)
s a topological BE-algebra, then T = Tp,.
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Proof. Case (1). If I} = {1} or F; = X, then it is clear 7 = 75, .
Case (2). If F} = {z,1}, then 7 = 75, by Theorem 5.4.
Case (3). Suppose that F} = {z,z,1} but 7 # 7p,. By Lemma 5.2, there
exists U € 7 such that U G Up, [a] for some a € X \ F1 = {0,y}. Then
(i) It Up [a] = {a}, then U = 0.
(#3) If Upla] = Ur[y] = {0,y}, then y < z % 0. Since x 0 ¢ F}, thus
z%0=y. Since U G Up,, we have U = {y} or U = {0}.

(1) Suppose that U = {y}. Since  x 0 = y € U, there exist VW € 7
such that x e V,0 € W and V« W C U.

{0,y} C{1%0,zx0} CF+«W CV«W CU,

which is a contradiction.
(2) Suppose that U = {0}. Since 1 *0 = 0 € U, there exist V,W € 7
such that 1 e V.0 e W and V « W C U.

{0y} ={1%0,2%0} CF U CV«WCUT,

which is a contradiction.
Case (4). If Fi ={z,y,2,1}, then 77, = 7 by Lemma 5.2. O
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